In this paper, we introduce a new family of distributions called the Poisson-odd generalized exponential distribution (POGE). Various properties of the new model are derived and studied. The new distribution has the odd generalized exponential as its limiting distribution. We present and study two special cases of the POGE family of distributions, namely the Poisson odd generalized exponential-half logistic and the Poisson odd generalized exponential-uniform distributions. Estimation and inference procedure for the parameters of the new distribution are discussed by the method of maximum likelihood; we also evaluate the proposed estimation method by simulation studies. Applications to two real data sets are provided in order to demonstrate the performance of the proposed family of distributions.
Introduction
Exponential distribution is commonly used in solving many practical problems, especially in life time data analysis. In probability modeling, numerous families of distributions have been proposed and studied via different directions based on the exponential distribution. For instance, some distributions generalized (or extended) the exponential distribution, these includes the Weibull (W) distribution, linear failure rate distribution (LFR), generalized exponential distribution (GE) by [14] , generalized linear failure rate (GLFR) by [35] , generalized linear exponential (GLE) by [20] , exponentiated generalized linear exponential (EGLE) by [34] , the Nadarajah and Haghighi's (NHE) exponential-type by [29] , among other.
In another approach, a new family of probability models with more flexibility is generated by combining the continuous and discrete probability distributions such as, the exponential geometric (EG) distribution introduced by [3] , [16] proposed the exponential Poisson (EP), exponentiated exponential Poisson (EEP) by [33] , complementary exponentiated exponential geometric (CEEG) by [19] , exponentiated exponential binomial(GEB) by [7] , generalize exponential power series (GEPS) by [21] , binomial exponential-2 (BE2) by [6] , Poisson exponential (PE) by [10] , generalized Gompertz-power series (GGPS) by [40] , LindleyPoisson (LP) by [13] , bivariate Weibull-power series by [30] and Linear failure rate-power series (LFRPS) by [22] . Others that follow the same approach include the Weibull power series(WPS), extended Weibull power series (EWPS), exponentiated Weibull-logarithmic (EWL), exponentiated Weibull Poisson (EWP), exponentiated Weibull geometric (EWG) and exponentiated Weibull power series (EWPS) distributions proposed and studied by [27, 37, 24, 23, 25] and [26] respectively. Moreover, in recent years, some new generators of distributions based on the exponential distribution such as the odd-generalized exponential family of distributions (OGE) and odd-exponential-G family of distributions (OEG) were proposed and analyzed by [39] and [9] respectively. In this article, we propose a new family of distributions called the Poisson odd generalized exponential distribution (POGE), by joining together the odd generalized exponential family of distributions and the Poisson distribution. The rest of the paper is structured as follows. In section 2 the new POGE family of distribution is obtained, several properties of this model are derived and studied such as the explicit algebraic expression of its ordinary moments, order statistics, Shannon entropy, Renyi entropy and reliability. In section 3 maximum likelihood estimation for the model parameters is discussed. Two real applications are provided in section 4. Section 5 provides conclusions.
The POGE family of distributions
Let Y 1 , Y 2 , · · · , Y n be a random sample of size N from odd generalize exponential distribution with cumulative distribution function (cdf) given by J(y, α, β, ζ) =
, y > 0, α, β > 0, where G(y) = G(y; ζ) is the baseline cdf, ζ a vector parameter andḠ(y) = 1 − G(y). Let N be a zero-truncated Poisson random variable independent of vector Y with probability mass function given by
, then, the conditional random variable (X|N = n) has the cdf F (X|N = n) = 1 −
. Hence the marginal cdf of X can be obtained as
where α, β, λ > 0, ξ a vector parameter and ξ = (α, β, λ, ζ). A random variable X with cdf given by ( 2.1), is denoted by X ∼ P OGE(ξ), and it's probability density function (pdf) is given by
The followings are some new and existing members of P OGE(ξ) family of distributions.
( The limiting distribution of the P OGE(ξ) given by ( 2.1) when λ → 0 + is,
, which is the cdf of OGE(α, β, ζ).
Special cases of POGE distribution.
In this subsection, we present two special cases of the POGE family of distribution namely the Poisson odd generalized exponential-Half logistic (POGE-HL) distribution and Poisson odd generalized exponential-Uniform (POGE-U) distribution which can be very useful in solving various problems in practical applications in the fields of sciences and applied sciences. (1+e −x ) 2 respectively. For x > 0 and parameters α, β, λ > 0, the cdf and pdf of the POGE-HL distribution are given by
respectively, where its limiting distribution is the odd-generalized exponential half logistic distribution (OGE-HL) when λ → 0 + . Also when the shape parameter β = 1 we obtain a new family of Poisson odd exponential-Half Logistic (POE-HL) distribution.
2.1.2.
The POGE-Uniform (POGE-U) distribution. The Poisson odd generalized exponential-Uniform (POGE-U) distribution is obtained by taking the baseline cdf and pdf in (2.1) and (2.2) to be a continuous Uniform(0, b) distribution defined by G(x; ζ) = 
respectively, where its limiting distribution is the odd-generalized exponential uniform distribution (OGE-U) when λ → 0 + . When the shape parameter β = 1 we obtain a new class of Poisson odd exponential-Uniform (POE-U) distribution. Figure 1 display the plots of the density functions of the POGE-HL and POGE-U distributions for some selected values of parameters. 
Expansion of distribution.
We provide a series representation of the POGE distribution based on certain conditions. First for |z| < 1 and for a > 0 real and non integer, we have
By expanding the exponential expression e
2), then, for β(i + 1) > 0 real and non integer we can apply (2.7), and after some algebraic manipulations, we obtain
Also by the exponential expansion of e −α(j+1)
where,
is the density of the exponentiated G(x; ζ) to the power of k + l + 1 .
Quantile and moments.
The P th quantile of the P OGE(ξ) distribution can be used for generating random data that follow the POGE family of distributions and is given by
and G −1 (.) is the baseline quantile function, thus, the quantile functions of the POGE-HL and POGE-U family of distributions are
and
, respectively, where ϑ(p) is given by (2.13). We now compute the r th moment, moment generating function of the P OGE(ξ) which can be use to study some features and characteristics of the new distribution, such as the mean, variance, skewness and kurtosis etc. For a random variable X ∼ P OGE(ξ) then, the r th moment of X is obtained by
By applying (2.10), we have
hence,
where E(Y r e ) is the r th moment of the exponentiated G(x; ζ) distribution with power parameter k + l + 1. Therefore, we can use (2.14) to compute the r thmoment of the POGE-HL using the r th -moment of the generalized half logistic distribution.
2.1. Lemma. Let X be a random variable that follow generalized half logistic GHL(γ) distribution, then, for r ∈ N, the r th moment of X is given by
For a random variable X that follows POGE-HL distribution, the r th moment of X can be computed by putting (2.15) in (2.14) when γ = k + l + 1, as
2.2. Lemma. Let X be a random variable that follow generalized Uniform GU(0, b) distribution, with power parameter k + l + 1, then, for r ∈ N, the r th moment of X is given by
hence, the r th moment of X ∼ POGE-U is obtained by substituting (2.17) in (2.14) as The moment generating function (mgf) of the POGE distribution can be computed from
POGE−HL
Substituting (2.14) in (2.19) gives the mgf of the POGE distribution. Also the mgf of the POGE-HL can be obtained by putting (2.16) 
For the POGE-U, we get the moment generating function by substituting (2.18) in (2.19) as
One of the alternative measures for the skewness and kurtosis of a distribution which can be more appropriate for the POGE distribution are the Bowley skewness (B) and Moores kurtosis (M). These measures are defined as follow
respectively. We now demonstrate how the parameters α and β effect the behavior of the skewness and kurtosis of the POGE-HL and POGE-U distributions for fixed values of parameters λ and b. Figure 4 illustrate the plot of Bowley skewness and Moores kurtosis of the POGE-HL distribution while Figure 5 for the POGE-U distribution. 
Order statistics.
Order statistics are very important tool in many areas of statistical theory and applications such as in quality control and reliability. Let X 1 , X 2 , · · · , X n be a random sample of size n obtained from POGE distribution, then, the density f j:n (x) of the j th order statistic X j:n , j = 1, 2, 3, · · · , n, can be express as
Substituting F (x) and f (x) given by (2.1) and (2.2) respectively, and using the binomial expansion and some algebraic manipulations we have
where
and f (x; α, β, λ(k + 1), ζ) is the pdf of POGE with parameters α, β, λ(k + 1) and ζ. The r th moment of the j th order statistics X j:n is give by
where Y δ ∼ P OGE(α, β, λ(k + 1), ζ) and E(Y r δ ) is the r th moment of the POGE distribution with parameters α, β, λ(k + 1) and ζ.
2.5. Entropy. Entropy is a measure of uncertainty of a random variable. In this section, we consider the two important entropies known as the Shannon and Renyi entropies. The Shannon entropy measure is defined by E[− log f (x)]. For a random variable X having POGE distribution, the Shannon entropy of X can be computed by considering lemma 2.3 and proposition 2.4 as follows.
Proof. By Taylor expansion of e
, and for ρ 2 + βi > 0 real and non integer we apply ( 2.7) then, exponential expansion and generalized binomial expansions.
Proposition.
Let X be a random variable with pdf given by ( 2.2), then,
Proof. Considering the transformation Y = G(x, ζ), y ∈ (0, 1), and lemma 2.3.
Thus, the Shannon entropy of POGE distribution is obtained as
and hence,
For a random variable X with pdf (2.2), the Renyi entropy is defined by
f (x) ρ dx , where ρ > 0 and ρ = 1. We first simplify
, and then, expanding 1 − e
ρ(β−1)−ρ using (2.7) and finally expanding the exponential function obtained, arrive at
In addition, expanding (1 − G(x)) −(k+2ρ) using generalized binomial expansion yields
2.6. The stress-strength parameter. Suppose that, the random variables X 1 and X 2 are independent with POGE(α, β 1 , λ 1 , ζ) and POGE(α, β 2 , λ 2 , ζ) distributions, respectively. In reliability studies, the stress-strength model describes the life of a component which has a random strength X 1 that is subjected to a random stress X 2 . If X 1 > X 2 the component will function satisfactorily and when X 2 > X 1 the component will fail because the stress applied exceed the strength. The reliability of a component R=P(X 2 < X 1 ) = ∞ 0 f 1 (x; ξ)F 2 (x; ξ)dx, has many applications in different fields of engineering such as maintenance in electric power, electronics and in study of fatigue failure of aircraft structures.
The reliability function can be computed as follows.
By the expansion of e
and some algebraic substitutions we have
Considering (2.24), we obtain
and ϕ * (.) follow similar to ϕ(.) given in lemma 2.3.
Estimation and inference
In this section, we estimate the unknown parameters of the P OGE distribution by the method of maximum likelihood. Let X i (i = 1, 2, · · · , n) be a random sample of size n obtained from the P OGE distribution with observed values x 1 , x 2 , ..., x n . The MLEs of Θ = (α, β, λ, ζ)
T are obtained by maximization of the log-likelihood function (log (Θ)) given by log (Θ) = n log α + n log β + n log λ +
The MLEs of Θ = (α, β, λ, ζ) T sayΘ = (α,β,λ,ζ) T are obtained simultaneously by solving the
In the case of POGE-U distribution where ζ = b the upper boundary of the distribution support is restricted by the choice of the parameter b, therefore, for an ordered random sample of size n, say x 1:n , x 2:n , x 3:n , · · · , x n:n which follow POGE-U distribution, we can obtain the estimates of α, β and λ by the numerical solutions of Table 1 below. The results show that each MLE converges to its true value in all cases when the sample size increases and the standard errors of the MLEs decrease as the sample size increases. 
Application
In this section, we provide applications of the POGE distribution to two real data set in order to illustrate the importance of the POGE family of distributions. For comparison, we fitted the first data set with the following distributions, the POGE-HL, POE-HL, odd generalized exponential half logistic (OGE-HL), Poisson half logistic (PHL) by [2] , exponentiated half logistic (EHL) by [15] , Olapade-generalized half logistic (OLGHL) by [32] , generalized exponential (GE) by [14] , generalized exponential Poisson (GEP) by [8] , BurrXII-Poisson (BXIIP) by [38] and generalized BurrXII-Poisson (GBXIIP) by [28] . For the second data we fitted the POGE-U distribution and compare the fit with the POE-U, odd generalized exponential uniform (OGE-U), gamma-uniform (GU) by [41] , generalized modified weibull (GMW) by [11] , beta modified weibull (BMW) by [36] , beta weibull (BW) by [18] , modified weibull distribution (MW) by [17] , generalized linear failure rate (GLFR) by [35] , generalized linear exponential (GLE) by [20] , exponentiated generalized linear exponential (EGLE) by [34] and some family of the generalized modified weibull-power series (GMWPS) such as generalized modified weibull-Poisson (GMWP), generalized modified weibull-Geometric (GMWG) and generalized modified weibull-Logarithmic (GMWL) distributions proposed by [5] . The MLEs of the parameters for each model are computed and the three criteria for model selection are used for comparison namely the Akaike information criterion (AIC), consistent Akaike information criterion (CAIC) and Bayesian information criterion, also the goodness-of-fit statistics known as the Kolmogorov Smirnov (KS) is used to compare the fit of the new POGE family and other competing models. The model with the least values of AIC, CAIC, BIC and KS fit the data better than the other models. The MLEs of each model parameters (Θ) and numerical values of these measures for the first data set are given in Table 2 while for the second data set in Table 3 below. The first data set is given by [31] the data set are the 100 observations on breaking stress of carbon fibers (in Gba): 0. 39 The second data set is the lifetimes of fifty devices provided by [1] , the data set are: .1, .2, 1, 1, 1, 1, 1, 2, 3 As you can see form Table 2 that, the POGE-HL distribution represent the first data sets better than the other models, while Table 3 shows that, the POGE-U distribution provide better fit than the other distributions. Figure 6 illustrate the histogram and cdfs for the first data set and the fitted POGE-HL distribution, while Figure 7 give the quantile-quantile plot and profile-log likelihood functions of the fitted POGE-HL distribution for the first data set. Figure 8 shows the histogram and cdfs for the second data set and the fitted POGE-U distribution, and Figure 9 provides the quantile-quantile plot and profile-log likelihood functions of the fitted POGE-U distribution for the second data set. 
Conclusions
We have introduced a new family of lifetime distributions called the Poisson odd generalized exponential distribution (POGE). We discussed two special cases of the POGE family of distributions, namely the Poisson odd generalized exponentialhalf logistic (POGE-HL) and the Poisson odd generalized exponential-uniform (POGE-U) family of distributions. Several mathematical and statistical properties of this model are derived and studied, such as infinite series of the pdf, an explicit algebraic expression of its moments, order statistics, Shannon entropy, Renyi entropy and reliability. We discuss the maximum likelihood estimations of the model parameters. Simulation studies are performed for various sample sizes from the POGE-HL distribution in order to assess the performance of proposed maximum likelihood method. Two real applications are used to show the usefulness of the new POGE family of distributions. The result shows that the POGE families (i.e POGE-HL and POGE-U) give a better fit to the two data sets than the other competing models.
